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Interaction of an electromagnetic wave with a rapidly created spatially periodic plasma

S. P. Kuo and James Faith*
Department of Electrical Engineering and Weber Research Institute, Polytechnic University, Route 110, Farmingdale, New York

~Received 19 February 1997!

The interaction of electromagnetic waves with rapidly created time-varying spatially periodic plasmas is
studied. The numerical results of the collisionless case show that both frequency upshifted and frequency
downshifted waves are generated. Moreover, the frequency downshifted waves are trapped by the plasma when
the plasma frequency is larger than the wave frequency. The trapping has the effect of dramatically enhancing
the efficiency of the frequency downshift conversion process, by accumulating incident wave energy during the
plasma transition period. A theory based on the wave impedance of each Floquet mode of the periodic structure
is formulated, incorporating with the collisional damping of the plasma. Such a theory explains the recent
experimental observations@Faith, Kuo, and Huang, Phys. Rev. E55, 1843 ~1997!# where the frequency
downshifted signals were detected repetitively with considerably enhanced spectral intensities while the fre-
quency upshifted signals were missing.@S1063-651X~97!13408-0#

PACS number~s!: 52.40.Db
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I. INTRODUCTION

The propagation of electromagnetic waves in linear
electric media has always been the subject of interest. Du
the high speed of the electromagnetic wave, it is more lik
for the wave to encounter spatial variation of the medi
during its propagation than to experience the medium’s te
poral variation. Therefore, in the normal situation, the spa
domain wave phenomena, such as reflection, refraction,
transmission, etc. resulting from the change of the wave v
tor, dominate over the time domain wave phenomena.
such a case the wave frequency can be assumed to b
changed and the analysis can be simplified by conside
time harmonic problems@1#. However, for the case when th
medium varies rapidly in time over a sizable dimension~ref-
erence to the wavelength!, the time domain phenomena re
sulting from frequency change may emerge. From spa
time duality, it seems that some analogies betwe
phenomena in two domains may be drawn straightforwar
@2,3#. It is indeed so for many of them, but some fundame
tal differences also exist. For example, the causality conc
forbids the time domain reflection phenomenon, the sh
discontinuity in the spatial domain does not exist in reality
the time domain, and most significantly, a wave can pree
in a time-varying medium but it has to propagate into a s
tially varying medium.

The theory, assuming instantaneous plasma generatio
an infinite medium, has been worked out by Jiang@4# and
Wilks et al. @5#. They find that the wave number stays fixe
the frequency is upshifted, and the initially forward prop
gating wave splits up into a forward and a backward pro
gating component at the higher frequency. A phenome
that is not foreseen by the duality is the generation of a st
magnetic field oscillating in space, with the same wave nu
ber. More recently theory has been extended to consid
plasma slab@6,7#. As the transition period of the medium

*Present address: TRW Space and Electronics Group, Red
Beach, CA 90278.
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~e.g., finite creation time of plasma! increases, it is shown
numerically that the frequency spectra of new waves
broadened@5,6#, a phenomenon different from that in th
spatial domain where the wave number spectra of new wa
outside the transition region are not broadened. Freque
upshifting and spectral broadening of a wave interacting w
a rapidly created plasma slab have also been demonst
experimentally@8–13#. An additional phenomenon observe
in the experiments is the unexpected frequency downs
together with frequency upshift leading to spectral break
of the new pulse@14#. It is then verified that the energy los
of the wave caused by the new medium during the fin
transition period is responsible for the frequency downsh
ing result@14#.

In a recent experiment@15# a spatially periodic plasma is
generated by a set of discharges, where the plasma frequ
is time dependent. The plasma in the discharge first incre
and then decreases, with the time scales not necessarily
compared with the wave frequency scale. Normally, o
would expect that the periodic structure would introduce F
quet modes@16# into the system so that one can upsh
waves to frequencies greater than a single slab of the s
plasma density as well as downshift waves to frequencie
the cutoff region of a single plasma slab. The frequen
downshifted waves have indeed been observed in the ex
ment, however, the frequency upshifted waves are miss
@15# ~i.e., they cannot be distinguished conclusively from t
noise!. Moreover, the frequency downshifted waves we
found to be trapped in the periodic structure so that th
spectral intensities were accumulating during the transit
period and hence, enhanced significantly@15# ~20–50 dB
above the noise level!. In this work, a theory explaining the
trapping phenomenon is presented. The theory will also
plain why frequency upshifted waves are missing in the
perimental measurements.

II. THEORY AND FORMULATION

Considering a one-dimensional wave propagation in
unmagnetized plasma varying arbitrarily in both space a
do
2143 © 1997 The American Physical Society
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FIG. 1. Geometry of the periodic plasm
structure~after plasma creation! represented by
the spatial distribution of the plasma frequen
vp(z).
ic
.
m

e
f
n

id

y
f

-
e
for
ani-
des
a

ids
of

are
the

h a

n
y

.

time, the wave equation is given by

F ]2

]z22
1

c2

]2

]t22
vp

2~z,t !

c2 Ge~z,t !50. ~1!

In the present work, we are interested in the case in wh
the plasma is created rapidly att50 and then decays slowly
It is also structured in the form of parallel slabs. The plas
frequency is, thus, modeled as

vp
2~z,t !50 for t,0

vp
2~z,t !5vp0

2 @12exp~2t/t r !#exp~2t/t f !

3 (
n50

N21

Pd/2~z2nL2d/2! for t.0, ~2!

wheret r andt f are the plasma rise and decay times, resp
tively, andt f@t r ; Pd/2(z2a) is a unit rectangular pulse o
width d centered aboutz5a, L is the separation betwee
two adjacent slabs andL>d, andN is the total number of
plasma slabs in the structure. A case considering a sinuso
density profile vp

25vp2
2 cos2pz/L changing its magnitude
la

t
on
h

a

c-

al

vp2
2 from vp0

2 to vp1
2 at t50 abruptly has been studied b

Schmidt et al. @17#. The wave equation is in the form o
Mathieu’s equation.

As N is large enough, Eq.~2! resembles a periodic struc
ture having a spatial periodL. Thus, one may adopt th
electromagnetic property of a periodic dielectric medium
such a structured plasma as a qualitative base. It is m
fested by the dispersion relations of the Floquet mo
propagating in a periodic dielectric medium, which form
band diagram similar to that for electron waves in sol
@18#. This diagram allows one to predict the frequencies
all the Floquet modes at a given wave number. They
expected to correspond to the frequencies of the peaks in
power spectrum of the resultant wave after interacting wit
rapidly created periodic plasma described by Eq.~2!. We
simplify the situation to an infinite periodic structure with a
abrupt creation of the plasma att50 and no plasma deca
afterward by lettingn run from 2` to `, t r→01, and
t f→` in Eq. ~2!, and assume a time harmonic wave„with
exp@2(ivt)# time dependence…. The phasor solution of Eq
~1! for t.0 in one spatial period2 l ,z, l 1d as shown in
Fig. 1, wherel 5(L2d)/2, can be written as
E~z!5 HA exp~ ikz!1B exp~2 ikz!, 2 l ,z, l
C exp@ ikh~z2 l !#1D exp@2 ikh~z2 l !#, l ,z, l 1d, ~3!
h

where k5v/c and h5(12vp0
2 /v2)1/2 are the free space

wave number and the index of refraction of the plasma s
respectively. Applying the boundary conditions atz56 l ,
E(6 l 2)5E(6 l 1) and ]zE(6 l 2)5]zE(6 l 1) and using
the Bloch wave condition@18#

E~z!5exp~2 ibL !E~z1L ! ~4!

to replace E(2 l 2) by e2 ibLE@( l 1d)2#, where E@( l
1d)2# is given by Eq.~3! andb is the propagation constan
for the periodic structure as a whole, four algebraic equati
are obtained. Three of them can be solved to expressB, C,
andD in terms ofA as follows:

B52~b2Ab221!A,
b,

s

C5
1

2h
@~h11!eikl2~h21!~b2Ab221!e2 ikl #A,

D5
1

2h
@~h21!eikl2~h11!~b2Ab221!e2 ikl #A, ~5!

where

b5@1/~h221!#@~11h2!cos2kl12h cotkhd sin2kl#.

This leads the fourth equation to the dispersion relation

cosbL5coskhd cos2kl2 1
2 ~h11/h!sinkhd sin2kl. ~6!

Since cosbL is an even and periodic function, Eq.~6! has
to be solved only for 0<bL<p. Equation~6! has multiple
roots,v j (b), j 51,2, . . . ; each root contributes to a branc
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56 2145INTERACTION OF AN ELECTROMAGNETIC WAVE WITH . . .
of the dispersion curves and covers a frequency range
pass band. Shown in Fig. 2 is an example of the disper
curvesfor the caseL50.6l0 , d50.2l0 , and vp051.2v0 ,
wherel0 and f 05v0/2p are the wavelength and frequenc
of a reference wave in free space. The frequency gap
tween two adjacent branches of the dispersion curves form
stop band, or band gap, which is one of the character
features of periodic structures. Hence, for a givenbL, there
exists an infinite number of Floquet modes oscillating at d
crete frequenciesv j (b). Substitutingk5v j (b)/c into Eqs.
~3! and ~5!, and using Eq.~5! to replace the coefficientsB,
C, andD in Eq. ~3! in terms ofA, the field distribution of
the j th Floquet mode is, thus, obtained.

We now consider a case where a wave exists everyw
in free space prior to the plasma creation, i.e.,

e~z,t<0!5E0cos~k0z2v0t !, ~7!

wherek05v0 /c, and a periodically structured plasma cha
acterized by Eq.~2! with t r→0, t f→`, andn running from
2` to `, is suddenly created att50. Since the plasma is
created instantaneously, the spatial distribution of the w
field e(z,t501)5E0cosk0z will not be changed during tha
instant. In order to propagate in the new medium att.0, the
wave has to satisfy the new dispersion relation~6!. Thus, an
infinite number of Floquet modes oscillating at discrete f
quenciesv j (b), where 0<b5k022mp/L<p/2 andm is
an integer, are generated, i.e.,

e~z,t.0!5(
j 51

`

Aj 6cos~k0z7v j t !, ~8!

FIG. 2. Dispersion relationv~b! for the caseL520.6l0 , and
vp051.2v0 , wherel0 and f 05v0/2p are the wavelength and fre
quency of a reference wave~initial wave! in free space. The vertica
line is atb/k052p/k0L2150.667 and its intersecting points wit
the dispersion curves determine the frequencies of the Flo
modes converted from the initial reference wave (v0 ,k0) after in-
teracting with the suddenly created periodic plasma.
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where( j 51
` Aj 65E0 is given by the initial condition. From

Faraday’s law¹W 3EW 52(1/c)(]/]t)BW 1 , the corresponding

wave magnetic fieldBW 1 is obtained to be

B1~z,t.0!5(
j 51

`

6~k0c/v j !Aj 6 cos~k0z7v0t !. ~9!

However, Eq.~9! cannot satisfy the initial conditionB1(z,t
50)5(k0c/v0)E0cosk0z. Therefore, a wiggler magneti
field Bw(z)5@(k0c/v0)E02( j 51

` 6(k0c/v j )Aj 6#cosk0z, in
addition to Eq.~9!, is also excited in the new medium.

In the following we will show, via numerical analysis o
Eq. ~1!, that the frequencies of the peaks of the power sp
trum of the wave~7! after interacting with a rapidly create
periodic plasma~2! do indeed correspond to the frequenci
of the Floquet modes determined by Eq.~6!. However, each
spectral peak is broadened by the finite size of the plas
structure and the finite temporal variation of the plasma d
sity. The numerical analysis will also reveal a wave trapp
process. The trapped incident wave accumulates its en
during the finite growth period of the plasma and th
emerges during the decaying period of the plasma. It lead
a significant enhancement of the spectral intensity of the
quency downshifted lines, a phenomenon that is not obvi
from the band diagram but can be explained in terms of w
impedance described later.

FIG. 3. ~a! Time dependence of the observed signal outside
plasma structure withN511, L50.6, d50.2, vp050.8, a50.1,
andg50.002, and~b! its power spectrum.
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Frequency shifting and wave trapping

Considering the density profile~2!, Eq. ~1! is solved nu-
merically to demonstrate frequency shifting and wave tr
ping phenomena. To carry out numerical analysis, it is he
ful to first normalize all the relevant parameters
dimensionless forms. Convenient definitions of the norm
ized variables are

d/l0→d, L/l0→L, v0t/2p→t, vp0 /v0→vp0 ,

a52p/v0t r , g52p/v0t f .

For the remainder of this work we will refer to the dime
sionless parameters unless units are explicitly given. A fin
difference time domain method is needed to solve the w
equation~1! for computing the observed field~in time! at a
particular spatial location. This time series is subseque
fast Fourier transformed~FFT! and the power spectrum
found by multiplying the time series’ FFT by its comple
conjugate.

We now consider a specific example to explain the
perimental observations@15# on frequency shifting and wav
trapping phenomena. Thus,v052p33.1 GHz, N511, a
50.1, g5231023, L50.6, andd50.2. Two cases ofvp0
50.8 and 1.2, respectively, will be analyzed for comparis
and discussion. Figure 2 is the dispersion relation of the id
structure~i.e., N→`, a→`, and g50! for vp051.2. In
Figs. 3–7 we present several representations of the sh
signals observed in time and their power spectra compu

FIG. 4. ~a! Time dependence of the observed signal outside
plasma structure withN511, L50.6, d50.2, vp051.2, a50.1,
andg50.002, and~b! its power spectrum.
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under different conditions. All the time plots display the am
plitude of the observed signals, normalized to the incid
signal amplitude. The spectral plots show the power spe
of the observed time series of the signals as measured in
or outside the plasmas and of the incident wave as a re
ence. In the case of Fig. 3, the observation point is cho
outside the plasma, andvp050.8. We see that the observe
signal has only a small dip in amplitude, resulting from mo
of the incident wave being able to propagate through
plasma, with only a small fraction of wave power trappe
The power spectrum shows a prominent upshifted lobe
to the growth, and a smaller downshifted lobe due to the la
decay. In Fig. 4 the only change from the previous case
that now vp051.2. The time plot shows that initially the
observed signal is of large amplitude, decays to a small le
and later grows again. This can be explained as follo
Immediately after the plasma is created the upshifted wa
propagate out of the plasma. This explains the first par
the waveform with large amplitude. Once these waves
clear of the plasma the signal amplitude drops as the do
shifted waves remain trapped. However, as the plasma
cays, the incident wave can propagate through again
more and more of the downshifted waves can escape,
both contribute to the later rise in signal amplitude. In fact
closer inspection would reveal that the initial large wa
packet contains only upshifted components and the la
only downshifted, as shown in Fig. 5. Once again consid
ing Fig. 4, the delay betweenvp falling below one and the
rise in the signal can be explained by the finite propagat
time of the waves from the plasma to the observation po

e FIG. 5. Observed and incident signals of the previous figure,~a!
at early time showing upshifted waves, and~b! at later time show-
ing downshifted waves.
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56 2147INTERACTION OF AN ELECTROMAGNETIC WAVE WITH . . .
The power spectrum of this signal reveals the usual upshi
peaks, but also a large downshifted part whose power s
trum varies almost linearly with frequency. This feature h
been shown@15# to match quite well with the experimentall
observed spectrum. To show that it is the trapping effect
leads to the accumulation of wave energy during the plas
transition period and is responsible for the enhancemen
the downshifting process we present in Fig. 6 the case wh
there is no plasma decay,g50. The plasma transition perio
is much shorter than the previous case having a plasma
cay. We see that the later rise in signal amplitude seen in
4 does not occur, as the downshifted waves remain trap
The power spectrum also exhibits only an upshifted part.
show that the downshifted waves do exist and are trappe
the plasma we move the observation point inside the perio
structure, which is again assumed, to never decay. The re
is shown in Fig. 7. As one would expect as the downshif
waves are forever trapped, the time amplitude@Fig. 7~a!#
after the escape of the upshifted waves remains appr
mately constant. The power spectrum presented in Fig.~b!

FIG. 6. ~a! Time dependence of the observed signal outside
plasma structure withN511, L50.6, d50.2, vp051.2, a50.1,
andg50, and~b! its power spectrum.
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indeed also contains both upshifted and downshifted line
that of the previous case presented in Fig. 4~b!, except the
downshifted spectrum has a sharper distribution and cont
much less spectral energy than the counterpart in Fig. 4

To summarize these points, we have shown that the s
tially periodic time varying plasma can trap an electroma
netic wave and alter its spectral content if the plasma
quency rises quickly to a value greater than the wa
frequency, and then slowly decays.

III. WAVE IMPEDANCE IN THE SPATIALLY PERIODIC
PLASMA

The interpretation of wave trapping phenomenon will
based on the wave impedanceZ of the Floquet mode. The
wave impedanceZ(z,b,v j ) is defined asZ5E/H, where
E andH are the phasors of the wave electric and magn
fields, respectively, of thej th Floquet mode. SinceE(z) is
given by Eq.~3!, H(z) can be derived directly from Fara
day’s law (]/]z)E5 ivm0H(z) as

e FIG. 7. ~a! Time dependence of the observed signal inside
plasma structure withN511, L50.6, d50.2, vp051.2, a50.1,
andg50, and~b! its power spectrum.
H~z!5 H @A exp~ ikz!2B exp~2 ikz!#/Z0 , 2 l ,z, l
h$C exp@ ikh~z2 l !#2D exp@2 ikh~z2 l !#%/Z0 , l ,z, l 1d, ~10!

whereZ05(m0 /e0)1/2 is the wave impedance in free space.
With the aid of Eq.~5!, the normalized impedanceZ̄5Z/Z0 is derived to be
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Z̄5H Ab2211 i sin2kz

b1cos2kz
, 2 l ,z, l

z

h

@h2tankl tankh~z2 l !#1 i z21@ tankh~z2 l !1n tankl#

@12h tankl tankh~z2 l !#1 i z@h tankh~z2 l !1tankl#
, l ,z, l 1d,

~11!

FIG. 8. Amplitude functions of the mode wave impedances in one spatial period of the plasma for the first four Floquet
corresponding to points 1 to 4 in Fig. 2;~a! frequency downshifted modev50.8388,~b! first frequency upshifted modev51.2723,~c!
second frequency upshifted modev52.4379, and~d! third frequency upshifted modev52.7583.
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wherez5Ab21/Ab11; thek5v/c of each Floquet mode
is determined by the dispersion relation~6! for a ‘‘b’’ value.
Thus,Z̄5Z̄(z;b,v j ) and is a complex function ofz, in gen-
eral. The impedance is, however, a real quantity at the s
metry pointz50, and is given by

Z̄~0!5z5~12h2b0
21L0!1/2/~h22b0

21L0!1/2,

whereb05tankl andL052h tankl cotkhd.
In Fig. 8, the squareuZ̄u2 of the absolute value of the

impedances of the first four Floquet modes for the case
vp051.2 ~i.e., corresponding to the case of Fig. 2 and
experimental condition observing wave trapping pheno
-

of
e
-

enon! are presented. A characteristic difference among th
is observed. For the frequency downshifted mode, the w
impedance is large (.1) in the free space region and sma
(,1) in the plasma@Fig. 8~a!#, and it is distributed in the
opposite way for the first frequency upshifted mode@Fig.
8~b!#. The impedances are about 1 for the second and hig
frequency upshifted modes@Figs. 8~c! and 8~d!#, i.e., the
plasma effect on field distributions becomes insignificant
cause the mode frequencies are much larger than the pla
frequency. The results indicate that the frequency dow
shifted mode distributes most of its electric energy in the f
space while that of the first frequency upshifted mode
distributed in the plasma layers. It is noted thatZ̄ of the
frequency downshifted mode in the periodic structure is
complex function; its phase function is shown in Fig. 9~a!.
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56 2149INTERACTION OF AN ELECTROMAGNETIC WAVE WITH . . .
The strong spatial dependence of the phase function sug
sthat the downshifted mode has a large modulation in
propagation constant. Thus, the frequency downshifted w
is effectively trapped in the periodic structure, in particul
in the free space region between two plasma layers~the
propagation of the wave from one region to the other on
via the process of tunneling through the plasma!, and can
accumulate its mode energy without significant loss cau
by the realistic collision damping of the plasma~which is not
included in the theory and numerical analysis!. On the other
hand,Z̄ of the frequency upshifted modes are very close
real functions in the plasma regions and complex in the f
space regions. The phase ofZ̄ of the first frequency upshifted
mode is shown in Fig. 9~b!. Thus, the frequency upshifte
modes are quite free to propagate out of the periodic plas
Moreover, the damping effect of the plasma on them is
hanced, in particular, on the first frequency upshifted mo
by their field distributions. This explains why, in the expe
ments@15#, the frequency downshifted signals were detec
repetitively with very convincing results while the frequen
upshifted signals were hardly detected or had their spec
intensities very close to the noise level.

FIG. 9. Phase functions of the mode wave impedances in
spatial period of the plasma,~a! frequency downshifted mode, an
~b! first frequency upshifted mode, corresponding to points 1 an
in Fig. 2, respectively.
st-
ts
ve
,

is

d

o
e

a.
-

e,

d

al

IV. SUMMARY

Applying Bloch’s theorem, the dispersion relation of a
electromagnetic wave propagating in a periodic plasma
dium is derived. It consists of branches of dispersion curv
each one represents a Floquet mode and covers a frequ
range as a pass band. The frequency gap between two
cent branches of these dispersion curves forms a band
One special feature of the band diagram is that the p
bands extend to the region below the cutoff frequency o
uniform plasma. Therefore, it is shown that a rapidly crea
periodic plasma can convert a preexisting electromagn
wave into both frequency upshifted and downshifted n
waves. The numerical results further show that the freque
downshifted waves are trapped effectively in the perio
structure. The wave trapping process enables the freque
downshifted waves to accumulate their energy during
finite transition period of the plasma. Consequently, a s
nificant enhancement of their spectral intensities is observ
The vastly improved efficiency in the downshift mechanis
due to the trapping effect is important to the application,
example, converting a narrow band continuous~cw! wave
into an ultrawide band pulse train by interacting the cw wa
with a repetitively created rapidly growing and spatially p
riodic plasma.

The wave impedance of each Floquet mode in the p
odic plasma is derived and used for interpreting the wa
trapping phenomenon. The absolute value of the impeda
of the frequency downshifted mode is large (.1) in the free
space region and small (,1) in the plasma layer, but it ha
an opposite distribution for the frequency upshifted mod
This characteristic difference together with the difference
the spatial variation rates of the phase functions of the
pedances explain why only the frequency downshifted wa
are trapped and experience reduced collision loss in
plasma layer. On the other hand, the frequency upshi
modes are untrapped and experience enhanced collision
in the plasma layer. The impedance description provide
physical insight to understand why only the frequency dow
shifted signals were able to be detected repetitively in
experiments@15# with considerably enhanced spectral inte
sities while the frequency upshifted signals were missing
the measurements.
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