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Interaction of an electromagnetic wave with a rapidly created spatially periodic plasma
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The interaction of electromagnetic waves with rapidly created time-varying spatially periodic plasmas is
studied. The numerical results of the collisionless case show that both frequency upshifted and frequency
downshifted waves are generated. Moreover, the frequency downshifted waves are trapped by the plasma when
the plasma frequency is larger than the wave frequency. The trapping has the effect of dramatically enhancing
the efficiency of the frequency downshift conversion process, by accumulating incident wave energy during the
plasma transition period. A theory based on the wave impedance of each Floquet mode of the periodic structure
is formulated, incorporating with the collisional damping of the plasma. Such a theory explains the recent
experimental observationg-aith, Kuo, and Huang, Phys. Rev. &5, 1843 (1997] where the frequency
downshifted signals were detected repetitively with considerably enhanced spectral intensities while the fre-
guency upshifted signals were missifi§1063-651X97)13408-0

PACS numbdss): 52.40.Db

[. INTRODUCTION (e.g., finite creation time of plasmancreases, it is shown
numerically that the frequency spectra of new waves are
The propagation of electromagnetic waves in linear di-broadened5,6], a phenomenon different from that in the
electric media has always been the subject of interest. Due ®patial domain where the wave number spectra of new waves
the high speed of the electromagnetic wave, it is more likelyutside the transition region are not broadened. Frequency
for the wave to encounter spatial variation of the mediumupshifting and spectral broadening of a wave interacting with
during its propagation than to experience the medium’s tema rapidly created plasma slab have also been demonstrated
poral variation. Therefore, in the normal situation, the spatiafXperimentally8-13. An additional phenomenon observed
domain wave phenomena, such as reflection, refraction, arifl the experiments is the unexpected frequency downshift
transmission, etc. resulting from the change of the wave vedogether with frequency upshift leading to spectral breaking
tor, dominate over the time domain wave phenomena. Fof the new puls¢14]. It is then verified that the energy loss
such a case the wave frequency can be assumed to be Wf-the wave caused by the new medium during the finite
changed and the analysis can be simplified by consideringjansition period is responsible for the frequency downshift-
time harmonic problemgL]. However, for the case when the ing result[14].
medium varies rapidly in time over a sizable dimensiiei- In a recent experimeritl5] a spatially periodic plasma is
erence to the wavelengththe time domain phenomena re- generated by a set of discharges, where the plasma frequency
sulting from frequency change may emerge. From spacds time dependent. The plasma in the discharge first increases
time duality, it seems that some analogies betweer@nd then decreases, with the time scales not necessarily short
phenomena in two domains may be drawn straightforwardlgompared with the wave frequency scale. Normally, one
[2,3]. It is indeed so for many of them, but some fundamen-would expect that the periodic structure would introduce Flo-
tal differences also exist. For example, the causality conceptuet modes[16] into the system so that one can upshift
forbids the time domain reflection phenomenon, the sharpvaves to frequencies greater than a single slab of the same
discontinuity in the spatial domain does not exist in reality inPlasma density as well as downshift waves to frequencies in
the time domain, and most significantly, a wave can preexisthe cutoff region of a single plasma slab. The frequency
in a time-varying medium but it has to propagate into a spadownshifted waves have indeed been observed in the experi-
tially varying medium. ment, however, the frequency upshifted waves are missing
The theory, assuming instantaneous plasma generation [A5] (i.e., they cannot be distinguished conclusively from the
an infinite medium, has been worked out by Jiddyand  noise. Moreover, the frequency downshifted waves were
Wilks et al. [5]. They find that the wave number stays fixed, found to be trapped in the periodic structure so that their
the frequency is upshifted, and the initially forward propa-spectral intensities were accumulating during the transition
gating wave splits up into a forward and a backward propaperiod and hence, enhanced significar{thp] (20-50 dB
gating component at the higher frequency. A phenomeno@bove the noise levelin this work, a theory explaining the
that is not foreseen by the duality is the generation of a statiffi@apping phenomenon is presented. The theory will also ex-
magnetic field oscillating in space, with the same wave numplain why frequency upshifted waves are missing in the ex-
ber. More recently theory has been extended to consider Berimental measurements.
plasma slal{6,7]. As the transition period of the medium

Il. THEORY AND FORMULATION

*Present address: TRW Space and Electronics Group, Redondo Considering a one-dimensional wave propagation in an
Beach, CA 90278. unmagnetized plasma varying arbitrarily in both space and
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FIG. 1. Geometry of the periodic plasma
structure (after plasma creationrepresented by

ot e the spatial distribution of the plasma frequency
wp(2).
z
time, the wave equation is given by w?, from why to w}, att=0 abruptly has been studied by
2 19 Wzt Schmidt et al. [1'7]. The wave equation is in the form of
A e(z,)=0. 1) Mathleu’_s equation. o
9z ¢ at* c? As N is large enough, Eq2) resembles a periodic struc-

. ) , . ture having a spatial periodl. Thus, one may adopt the
H In Ithe present wor(;<, wgdallre méeresdteﬁ In Ejhe case Im V‘I’h'd%lectromagnetic property of a periodic dielectric medium for
the plasma is created rapidlytat O and then decays slowly. ¢, 4 structured plasma as a qualitative base. It is mani-
It is also structured in the form of parallel slabs. The plasma}ested by the dispersion relations of the Floquet modes

frequency is, thus, modeled as propagating in a periodic dielectric medium, which form a

wz(z t)=0 for t<O band diagram similar to that for electron waves in solids
P [18]. This diagram allows one to predict the frequencies of
wﬁ(z,t)zwso[l—exq—t/rr)]exp(—t/rf) all the Floquet modes at a given wave number. They are

expected to correspond to the frequencies of the peaks in the

power spectrum of the resultant wave after interacting with a

X n§=:O Pap(z—nL=d/2) for t>0, (2)  rapidly created periodic plasma described by E2). We
simplify the situation to an infinite periodic structure with an

wherer, and 7 are the plasma rise and decay times, respecabrupt creation of the plasma &0 and no plasma decay
tively, and 7> 7, ; Py(z—a) is a unit rectangular pulse of afterward by lettingn run from — to «, 7,—0", and
width d centered abour=a, L is the separation between 7:— in Eq.(2), and assume a time harmonic wafyeith
two adjacent slabs and=d, andN is the total number of exd—(iwt)] time dependenge The phasor solution of Eq.
plasma slabs in the structure. A case considering a sinusoidél) for t>0 in one spatial period-1<z<I+d as shown in
density profile w;=w5,codnz/L changing its magnitude Fig. 1, wherel =(L—d)/2, can be written as

N-1

_ | A explikz) +B exp(—ikz), —l<z<I
E(D=1¢ exfikn(z—1)]+D exg —ikp(z—], |<z<l+d, ®)

where k=w/c and 7=(1—w3)/w?)'? are the free space 1 A ,

wave number and the index of refraction of the plasma slab, C= 27 [(n+1)e*—(n—1)(b—b*~1)e A,
respectively. Applying the boundary conditions &t =1,

E(xl_)=E(xl,) and d,E(£]l_)=d,E(*=],) and using 1

the Bloch wave conditiofi18] D= 2 [(p—1)eX—(5+1)(b—yb>—1)e KA, (5)

E(z)=exp(—iBL)E(z+L) (4  where

_ b=[1/n?>—1)][(1+ ?)coskl+ 27 cotknd sinXI].
to replace E(—1_) by e 'P'E[(1+d)_], where E[(I
+d)_] is given by Eq.(3) and 8 is the propagation constant This leads the fourth equation to the dispersion relation
for the periodic structure as a whole, four algebraic equations
are obtained. Three of them can be solved to expBess, cosBL = cosknd cosX|— 3(n+1/n)sinknd sinXI. (6)

andD in terms ofA as follows: ) ] o .
Since cogl is an even and periodic function, E@) has

to be solved only for & SL< . Equation(6) has multiple
B=—(b—yb’—1)A, roots, w;(B), j=1,2, ... ;each root contributes to a branch
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3 ‘ ‘ — ~ ‘ WhereEf‘;lAjizEO is given by the initial condition. From
| Faraday’s lawV X E= — (1/c)(d/dt)B,, the corresponding
2.5¢ ] wave magnetic field, is obtained to be

2/ | o

e \ By(z,t>0)= D, *+(KoC/wj)A|+ cogkozT wot). (9)
| =1

~ 15fF 1

3

it ] However, Eq.(9) cannot satisfy the initial conditioB;(z,t
//////d’/’ =0)=(koc/wg) Egcokyz. Therefore, a wiggler magnetic
ool | field B(2) =[(KoC/ wo) Eq— 2 1 = (koC/ wj) Aj - Jcoskgz, in
' addition to Eq.(9), is also excited in the new medium.

In the following we will show, via numerical analysis of

05 T o e 05 o5 o7 0% Eqg. (1), that the frequencies of the peaks of the power spec-
' ' ' ' trum of the wave(7) after interacting with a rapidly created
B/ko periodic plasmd?2) do indeed correspond to the frequencies

FIG. 2. Dispersion relatiom(g) for the casd.=—0.6\,, and of the Floguet modes determined by'E.ﬁ). I—!owever, each
wpo= 1.2, Where\ o andf o= w27 are the wavelength and fre- spectral peak is b_ro_adened by the_flmte size of the plasma
quency of a reference waymitial wave) in free space. The vertical sFructure and th_e finite temporf'il variation of the plasma d_en-
line is atB/ko=2m/k,L — 1=0.667 and its intersecting points with Sity- The numerical analysis will also reveal a wave trapping
the dispersion curves determine the frequencies of the Floqudlfocess. The trapped incident wave accumulates its energy
modes converted from the initial reference wawg (ko) after in-  during the finite growth period of the plasma and then
teracting with the suddenly created periodic plasma. emerges during the decaying period of the plasma. It leads to

a significant enhancement of the spectral intensity of the fre-
uency downshifted lines, a phenomenon that is not obvious
m the band diagram but can be explained in terms of wave
pedance described later.

of the dispersion curves and covers a frequency range as;
pass band. Shown in Fig. 2 is an example of the dispersionn
curvesfor the cas& =0.6\y, d=0.2\(, and wyp=1.2w,
where\y and fo= wo/27 are the wavelength and frequency

of a reference wave in free space. The frequency gap be- 18— covenrod St — |
tween two adjacent branches of the dispersion curves forms a Plasma Frequency - -
stop band, or band gap, which is one of the characteristic !
features of periodic structures. Hence, for a giyin there

C, andD in Eq. (3) in terms ofA, the field distribution of 05 WUU
the jth Floquet mode is, thus, obtained. ‘

exists an infinite number of Floquet modes oscillating at dis-
crete frequencies;(B). Substitutingk= w;(B)/c into Egs.

We now consider a case where a wave exists everywhere p
in free space prior to the plasma creation, i.e.,

0.1, 1

o

o v
————
e

e ——
——
—

(3) and(5), and using Eq(5) to replace the coefficients,

6.4, 1) and w,(z

E(z
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€(Z,tSO): EOCOS{koz— a)ot), (7)

% r ‘ ‘ Shifted Signal —
Original Signal -~ _|
whereky=wg/c, and a periodically structured plasma char- 60 , \ :
acterized by Eq(2) with 7,— 0, 7;—0, andn running from (M
— to =, is suddenly created at=0. Since the plasma is o A
created instantaneously, the spatial distribution of the wave 40 i
field e(z,t=0")=Eycokyz will not be changed during that % B / :
instant. In order to propagate in the new mediurti>a@, the N v
wave has to satisfy the new dispersion relatién Thus, an \ M v i VA
infinite number of Floquet modes oscillating at discrete fre- 10, \/q/ / — ]
quenciesw;(B3), where Gs B=Kko—2ma/L<m/2 andm is . \/

02 04 0.6

an integer, are generated, i.e., ® O

Power Spectrumn (d8)

20

0.8 1 1.2 14 1.8 1.8 2

% FIG. 3. (a) Time dependence of the observed signal outside the
e(z,t>0)= >, A .cogkozF wit), (8)  Plasma structure wittN=11, L=0.6, d=0.2, w,=0.8, «=0.1,
i=1 = ! and y=0.002, andb) its power spectrum.
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FIG. 4. (a) Time dependence of the observed signal outside the FIG. 5 Observgd and |n_C|dent signals of the previous figiae,
plasma structure wittN=11, L=0.6, d=0.2, wpo=1.2, a=0.1, gt early tlmg showing upshifted waves, aftil at later time show-
and y=0.002, andb) its power spectrum. ing downshifted waves.

Frequency shifting and wave trappin under different conditions. All the time plots display the am-
q y 9 ppIng plitude of the observed signals, normalized to the incident
Considering the density profil®), Eqg. (1) is solved nu-  signal amplitude. The spectral plots show the power spectra

merically to demonstrate frequency shifting and wave trapof the observed time series of the signals as measured inside
ping phenomena. To carry out numerical analysis, it is helpor outside the plasmas and of the incident wave as a refer-
ful to first normalize all the relevant parameters toence. In the case of Fig. 3, the observation point is chosen
dimensionless forms. Convenient definitions of the normaloutside the plasma, and,,=0.8. We see that the observed
ized variables are signal has only a small dip in amplitude, resulting from most
of the incident wave being able to propagate through the
plasma, with only a small fraction of wave power trapped.
The power spectrum shows a prominent upshifted lobe due
a=2mlwer,, y=2mlwoT;. to the growth, and a smaller downshifted lobe due to the later

decay. In Fig. 4 the only change from the previous case is
For the remainder of this work we will refer to the dimen- that now w,,=1.2. The time plot shows that initially the

sionless parameters unless units are explicitly given. A finitebserved signal is of large amplitude, decays to a small level,
difference time domain method is needed to solve the wavand later grows again. This can be explained as follows.
equation(1) for computing the observed fielgh time) at a  Immediately after the plasma is created the upshifted waves
particular spatial location. This time series is subsequentlypropagate out of the plasma. This explains the first part of
fast Fourier transformedFFT) and the power spectrum the waveform with large amplitude. Once these waves are
found by multiplying the time series’ FFT by its complex clear of the plasma the signal amplitude drops as the down-
conjugate. shifted waves remain trapped. However, as the plasma de-
We now consider a specific example to explain the ex-cays, the incident wave can propagate through again and
perimental observatiord5] on frequency shifting and wave more and more of the downshifted waves can escape, and
trapping phenomena. Thugy=27X3.1 GHz, N=11, « both contribute to the later rise in signal amplitude. In fact, a
=0.1, y=2X 103, L=0.6, andd=0.2. Two cases oo closer inspection would reveal that the initial large wave
=0.8 and 1.2, respectively, will be analyzed for comparisonpacket contains only upshifted components and the latter
and discussion. Figure 2 is the dispersion relation of the ideadnly downshifted, as shown in Fig. 5. Once again consider-
structure(i.e., N—=, a—=, and y=0) for w,c=1.2. In ing Fig. 4, the delay betweesn, falling below one and the
Figs. 3—7 we present several representations of the shiftetse in the signal can be explained by the finite propagation
signals observed in time and their power spectra computetime of the waves from the plasma to the observation point.

d/)\0—>d, L/)\0—>L, (1)0t/27T—>t, wpolw0—>wpo,
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FIG. 6. (a) Time dependence of the observed signal outside the FIG. 7. (@ Time dependence of the observed signal inside the
plasma structure wittN=11, L=0.6, d=0.2, w,p=1.2, =0.1,  Plasma structure wittN=11, L=0.6,d=0.2, wp=1.2, «=0.1,
andy=0, and(b) its power spectrum. and y=0, and(b) its power spectrum.

The power spectrum of this signal reveals the usual upshiftethdeed also contains both upshifted and downshifted lines as
peaks, but also a large downshifted part whose power speéhat of the previous case presented in Figh)4except the
trum varies almost linearly with frequency. This feature hasdownshifted spectrum has a sharper distribution and contains
been showii15] to match quite well with the experimentally much less spectral energy than the counterpart in Fig. 4.
observed spectrum. To show that it is the trapping effect that TO summarize these points, we have shown that the spa-
leads to the accumulation of wave energy during the plasm#ally periodic time varying plasma can trap an electromag-
transition period and is responsible for the enhancement dietic wave and alter its spectral content if the plasma fre-
the downshifting process we present in Fig. 6 the case wher@uency rises quickly to a value greater than the wave
there is no plasma decay= 0. The plasma transition period frequency, and then slowly decays.

is much shorter than the previous case having a plasma de-

cay. We see that the later rise in s_ignal amplitude seen in Figy;1. WAVE IMPEDANCE IN THE SPATIALLY PERIODIC

4 does not occur, as the downshifted waves remain trapped. PLASMA

The power spectrum also exhibits only an upshifted part. To
show that the downshifted waves do exist and are trapped in The interpretation of wave trapping phenomenon will be
the plasma we move the observation point inside the periodibased on the wave impedanZeof the Floquet mode. The
structure, which is again assumed, to never decay. The resutave impedance(z,3,w;) is defined asZ=E/H, where

is shown in Fig. 7. As one would expect as the downshiftecE andH are the phasors of the wave electric and magnetic
waves are forever trapped, the time amplitydéég. 7(@)]  fields, respectively, of th¢th Floquet mode. Sincg&(z) is
after the escape of the upshifted waves remains approxgiven by Eq.(3), H(z) can be derived directly from Fara-
mately constant. The power spectrum presented in Flgy. 7 day’s law (9/90z)E=iwugH(2) as

(A explikz)—B exp—ik2))iZo, —l<z<I
H(2=1(c exdikn(z—1)]-D exd —ikn(z—1)]MZo, |<z<l+d, (10

whereZy=(uo/€p)? is the wave impedance in free space.
With the aid of Eq.(5), the normalized impedancé=2Z/Z, is derived to be
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FIG. 8. Amplitude functions of the mode wave impedances in one spatial period of the plasma for the first four Floquet modes
corresponding to points 1 to 4 in Fig. &) frequency downshifted mode =0.8388,(b) first frequency upshifted mode=1.2723,(c)
second frequency upshifted mode=2.4379, andd) third frequency upshifted mode=2.7583.

Jb2—1+i sinkz

b+coskz '’
¢ [ p—tarkl tarkp(z—1)]+i¢ Ytarkn(z—1) +n tarkl]
7 [1— 7 tarkl tarkp(z—1)]+i{[ 7 tarkp(z—1) +tarkl]’

—l<z<l

7= (11)

l<z<l+d,

where/=b—1/\/b+1; thek=w/c of each Floquet mode enor are presented. A characteristic difference among them
is determined by the dispersion relatitg) for a “ 8" value.  is observed. For the frequency downshifted mode, the wave
Thus,Z=Z(z; 8,w;) and is a complex function df, in gen- ~ impedance is largex1) in the free space region and small
eral. The impedance is, however, a real quantity at the symk<1) in the plasmdFig. 8@a], and it is distributed in the

metry pointz=0, and is given by opposite way for the first frequency upshifted mddreg.
8(b)]. The impedances are about 1 for the second and higher

o frequency upshifted modégg-igs. §c) and &d)], i.e., the
Z(0)=¢=(1— ?B5+ Ao) Y (% — B5+ Ag) Y2, plasma effect on field distributions becomes insignificant be-
cause the mode frequencies are much larger than the plasma
frequency. The results indicate that the frequency down-
where Bo=tarkl and A =2 tarkl cotkd. shifted mode distributes most of its electric energy in the free
In Fig. 8, the squaréZ|? of the absolute value of the space while that of the first frequency upshifted mode is
impedances of the first four Floquet modes for the case oflistributed in the plasma layers. It is noted tiatof the
wpo=1.2 (i.e., corresponding to the case of Fig. 2 and thefrequency downshifted mode in the periodic structure is a
experimental condition observing wave trapping phenom<complex function; its phase function is shown in Figa)9
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6 T T T T T ; IV. SUMMARY

st ; Applying Bloch’s theorem, the dispersion relation of an
electromagnetic wave propagating in a periodic plasma me-
dium is derived. It consists of branches of dispersion curves,
each one represents a Floquet mode and covers a frequency
range as a pass band. The frequency gap between two adja-
2 1 cent branches of these dispersion curves forms a band gap.
One special feature of the band diagram is that the pass
r ] bands extend to the region below the cutoff frequency of a

, , , , , , uniform plasma. Therefore, it is shown that a rapidly created
CRZEEY 0 o1, 02 03 04 03 periodic plasma can convert a preexisting electromagnetic
wave into both frequency upshifted and downshifted new
waves. The numerical results further show that the frequency
downshifted waves are trapped effectively in the periodic
structure. The wave trapping process enables the frequency
2t ; downshifted waves to accumulate their energy during the
finite transition period of the plasma. Consequently, a sig-
T | nificant enhancement of their spectral intensities is observed.

d’o\ ] The vastly improved efficiency in the downshift mechanism
due to the trapping effect is important to the application, for

at : example, converting a narrow band continudo®) wave
into an ultrawide band pulse train by interacting the cw wave
2 ] with a repetitively created rapidly growing and spatially pe-

riodic plasma.
The wave impedance of each Floquet mode in the peri-
 Pm— : - v v ” os odic plasma is derived and used for interpreting the wave
®) z trapping phenomenon. The absolute value of the impedance
of the frequency downshifted mode is large 1) in the free
FIG. 9. Phase functions of the mode wave impedances in ongpace region and smak(1) in the plasma layer, but it has
spatial period of the plasmé&) frequency downshifted mode, and an opposite distribution for the frequency upshifted modes.
(b) first frequency upshifted mode, corresponding to points 1 and Zryis characteristic difference together with the difference in
in Fig. 2, respectively. the spatial variation rates of the phase functions of the im-
pedances explain why only the frequency downshifted waves
The strong spatial dependence of the phase function suggeéte trapped and experience reduced collision loss in the
sthat the downshifted mode has a large modulation in itplasma layer. On the other hand, the frequency upshifted
propagation constant. Thus, the frequency downshifted waveodes are untrapped and experience enhanced collision loss
is effectively trapped in the periodic structure, in particular,in the plasma layer. The impedance description provides a
in the free space region between two plasma layéie  physical insight to understand why only the frequency down-
propagation of the wave from one region to the other one ishifted signals were able to be detected repetitively in the
via the process of tunneling through the plagmend can  experimentg§15] with considerably enhanced spectral inten-

accumulate its mode energy without significant loss causedities while the frequency upshifted signals were missing in
by the realistic collision damping of the plasrwehich is not  the measurements.

included in the theory and numerical analysi®n the other

hand,Z of the frequency upshifted modes are very close to

real functions in the plasma regions and complex in the free ACKNOWLEDGMENTS
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